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Why graphs

combinatorial representation of stringdiagrams

graphical properties correspond to coherence laws

equationaltheory rewrite rules implemented as graph rewriting

Example colour change me in ZXcalculusfgkhHow

to implement graphs and their rewriting



Double Pushout DPO

rewritingboundary
graph

BL R

lceil7

CGL HGleftRLright
G 1

contextgraph

required properties pushouts exist

pushout complements exist are unique
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Surface embedded graphs interface edges

introduce a boundary vertex to capture interfaceedges

J
J J

GG

GG

explicit element for an empty region in the

graph15



Surface embedded graphs holes

dual boundary vertices stand for any hole in
a graph

GG overlinepartialG overlinepartial

subleties in the development of a suitable category
morphisms have to be partial

category of surface embedded graphs has pushouts pushout complements
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Double Pushout DPO Rewriting Example

partial partial
partial
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JiJm Jn

g h
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Observation only one region is instantiated at a

time13



DisclaimerI

will continue to use surface embedded graphs but the following

construction works for categories in which

rewriting by double pushout is well defined

have a notion of boundary and boundary graph

partial
partial

fg
j
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aka ColowedoperadGraphsas Multicategories

of Spivak's Operad of wiring Diagrams and the little Discs operad e.g Leinster

objects R S T are boundaries of graphs
TS2S1

variables

maps S1S2ldotsSnrightarrowT are graphs with

holes of types S1S2ldotsSn

T

S1 T S1 S2
S2interface of type T GS1S2rightarrowT

TT

identity TrightarrowT is the boundary graph on T

overlineT

Observation maps specify the structure in between

variablesl



Multi category composition

rightharpoondown

S1SSkR1vdotsRn THGiven GR1ldotsRnrightarrowS and HS1ldotsSldotsSkrightarrowT SG

calculate GHS1ldotsR1ldotsRnldotsSkrightarrowT

by substituting G into the hole S in H R1vdotsRn
S1

G H T
Sk

Ss

overlines G
implemented as a pushout along S
in the underlying graph category

overlineS G
H
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Multi category composition Examplespecial case

one input one output

s G RrightarrowS S

S

R

TS
T

S

RG

RT

sH:S T G H RrightarrowT

H
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Pattern matching in functional programming languages 1

programming technique for specifying functions over inductive

dataExample

listsfunction on numeric lists

sum List int Int

sum Nil 0

sum leftXXSrightXsumXS

pattern

variablesList

a Nil a

Listalist

List Int

list 13 24 8 100

Nilpatterns
how to take dataaparttermshow to build

data8



Pattern matching in functional programming languages
2

List a Nil a Listasum List int Int

sum Nil 0

sum leftXXSrightXsumXS
list List Int

list 13 248100

Nilwhathappens when we call sum list

sum X leftSrightX sum XS
matching data against pattern

pattern variables are instanciated

to be used on the RHSsum 13 24 8 100 NIL
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Co multi category of graph patterns

objects 2I ST are boundaries of graphs

pattern variables

maps TrightarrowS1S2ldotsSn are graphs with

holes of types S1S2ldotsSn

TS2S1

T

S1
T

S2interface of type T S1 S2

PTrightarrowS1S2composition by substitution refinement

identity TrightarrowT is the wildcard

patternHow
do graphs and patterns interact
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matching
a graph against a pattern

R1vdotsRn
TT siskPGiven a graph GR1RnrightarrowT G

and a pattern PTrightarrowS1Sk

the match of G against P is a composite in the category of graphs

R1vdotsRn
T siskPGmBsrightarrowPrightarrowG
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matching
a graph against a pattern Example

s

s

J
TT

S
R

P G

L



Calculating the result of a

matchThe

result of a pattern match mBsrightarrowPrightarrowG is calculated

as its pushout complement

s s

overlines

P G
overlineS
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Calculating the result of a match Example 1

T

S

TT

P

TX
sR

PG

R
G

2



Calculating the result of a match Example 2

Ss

s

R

JJ
TT lceil

S R
P G

1nicefrac12



matching against the
wildcard pattern

Ss

s

R

JJ
S

s 1

s

R

is matched byanygraphwildcard

patternl



Summary

Combinedouble push out rewriting
multi category of graphs

functional programmingtoget patternmatching for graphs

implement rewriting via polymorphicgraph rewrite

rulesThank

you for your
attention
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