A Caieﬁov\\j of Plane Grzaphg
it Subshtution end Postem (‘\oitd}\\"j

Malin  Altenmillel

CATNIP 4941 ( 2%

malin.altenmuller@ed.ac.uk maltenmuller.github.io



S'hﬁ'r\j D(ogfamg

- amgﬁm‘mﬁ sdntm Sr mmetidal coieacﬁes
- Compoltaon & fentof product gmcjh‘t Lt afdl

7

C _

- represent computotianod  procasseS
— ve_aSQNr\j ba sre,u\)ﬁ’drﬁ



String Diogiamy
— specific propertes in the MC tfanSbote fo their ob‘oafaﬂ\i

- StSW\W\e’tﬁ'c cronoidol Coc%eﬂoﬁes (SHQ) «

DO -

— intefeded in the non- SUN\N\Q’N\'Q QN

only connecthv Hj
\
makers

o c\,uw\‘mw\ cfoufS 1 Swap S NN - dgtod
. Sex\e/(‘am&es Symm etnc & bfouded cose



Gra P\r\S
— avaphx ay GoMbinotonold MEpreientedion

- tlansloction : WIS — edjig , oKeS — yarficeS

S N

C— e

7

— Preesve YRSteX amtj!

— FQQSW\KV\\O) b:] @rup‘f\ m«‘\‘b"‘\fj

Graphs of non- gdmme‘tn'c, du aﬁrqmgl




G (aph Embeddy c\33
\ v
Con\eCHhv \’%

- d«fct\ﬂ‘(ﬁ of SYUP‘\ oo o Surkoce. N J(DPQ\Dm

) X

plane. non—plane

A (= E=




[Rotation SjS{QN\S

— Store e ofdot of Qd\aes aouhd eocIn wertex

Theomr\:
A fotaxen S‘;L)Sf\em \u\xc‘,&mﬁﬂ delesminey a Smp\f\ embe&&'rﬂ. (1]



AN Example. of DPo- R&Oﬁ’ﬁ(ﬁ

S‘Nex\ o rewnie nle




An Example. of DPO - Re»oﬁ\%(ﬁ

cepcie. wulde as SPAN LN CoMINoN bow\ciw\\j

yd
X @~r>




An Example. of DPO - Re»oﬁ’ﬁ(ﬁ

N\&’@!\if\ﬂ of the LS onto a A ph

yd
RS %~r>

\Lm

2o



An Example. of DPO - Remﬁ’ﬁ(ﬁ

continuck conlRxt gfaphn bj pudnauk complaunnent

.-
s 15
(%?Q%




An Example. of DPO - Re»oﬁ’ﬁ(lj

conQteuct Groll 8rqu\ b 3 ouShouk

need: pushouts, (ww 0;(\»&\ pushouk complunenty, nohen of embedc&mﬁ
) adhesi\rq“ Co‘\iaoﬁc_s L21



Standasd Cdtﬁﬂov\\s of GrpnS

— anPhS G

1Tl

=
.t

- mepNSN\S G— G\] o Peu‘rg _CE._ E—g)

Sudn thot € V=V
C ‘e -> E\
S N (and Sinilos £of )
Vv \P\
V o > \/

rRex\t\m‘\: © ol Sraphs ac ddowon unduected he,:%_l



Open GVQP\‘\S

- pceseS haw npuds and oukpuisS
— &io\a&mﬂ on hae holey

buk

—  WOlPWSIE o open amp‘rﬁ ANt pen. the 8W foca.
— CoNNot ast &f\ votathon (r\Q‘DfW\o\f@f\ 1o (ooge E.\:%QS



Bou(\dcxf\\.s \Jeftex

g % k ? :i ‘
- '\c&ex\‘vi(:j e cukside of @ arqp\r\
-  afodn inpuk and\ oukpuk ed&e& to (€

- oukSide al a vﬂ@iw\ of tine arqp\r\

- ook to a S\'r\j\L bour\c&av:j veste K



Duall Bouc\dqﬁ \lertex

' n
- 0Me (deq, foc ou\:x holeS n «a 3qu

-  old qrapns a. totod
—> | can add tedhon nrmetion to all edﬁejg



Req‘mrememg £ Grphn Morphugmng

— \W&MHEX nap Need] 1o be pw'\\‘o&.
Qi t@
- e.dkae. atele Coannot be \n \SQQ,‘\\\!Q,
9
) —

What < the ﬁ@‘n’& nobon of embedldb'fﬁ 2

12



Ftaag and Ftoxj MQPS

- Connechon Points bekueen Wiy and tHhell (ncictant e_cﬁgg \ /
. s S ™~
- pairy (v.e)

_ Q&oﬂ ~map (fe  fv) parfal map indud, bts qraph map

— chafociense  rorphusmsy [ emb&dtokinjs N the ng\oj e

EKamP\Q,i

oV\

.O _ Q 'S QLQJ— u'rzl'euh‘ve,

\



Y¢ Qaj S\L&\QQ‘\"\V {\3

Stot Wit the conduban RC Standauol 3¢ aPn Merphugms

‘CE \
E > E
S <’
N7 J
\ 'CV - \/\

What about vestces with no edjcs odtocihed ¢

¢« — o)



¥ 2
j S\L&\QQ‘\"\\) \3
\
Condu
2 on
oM
\IR_A
s
. b& NS
3 e
P:ejm
08%

\/
%V\

S—-’l
Q1

¥

P(E P

Y P
)a PZE‘)

W
ot
alouk
el
cesS
N
eic ‘C\/ '
'S U
defin
edl
(4

() O



¥ !Zaj S\L&\QQ‘\"\\) {’r\\j

FLOS Su{'secﬁ\)\‘*:) = faXx commutadion of Hne Sqruodﬁ,!

\/ VA

S 7 g

vk \/
P(E E)a PCE)

5O )



Graphs with GicleS G

- objets are Totol. jmp\r\s (os Lefore)
- rorphusmy art <€€\€V> wher

¢ the indwcad QO‘S o (S SUG\'\Q_QH\JQ,
+ otdnes cendutons

- @\beddjrﬂs addut ou\o&.ﬂj oS

o QQOﬂ (ri\QQﬁt‘\’Q

+ otref Conduton

13



Reweat (:j

— s Gxtenony of giaphs (s net adhesive !

bux tt hes er\ouﬁ\r\ adhesive propertes in the cose wee nteresked N

Boundany G hove an oukside andk a Nolo:
N =P

Vadl 7,




Pas ‘ﬁh‘om{rﬂ Spany

SpUt the 84‘ aph into Cenfext ano\ SUbSVO\Ph

)~ D
\‘/c,

I

3

£, undefined on 9
deofned on 9

Cy &l@ﬂﬁd oN —5
andefned on G



Pas ‘ﬁh‘or\irj Spany

SpUt the 84‘ aph into ceanfext anok Suba(‘aph

? fi
cZ? X @ -
) — Z_\, undebined on 9
)

dofned on 9

I ° 5
"' Cy CM,R{\QC& N 8

:2 : ? andefned on G
T 3

Theorem: N G pushouds of Pod‘{%’r\‘or\ir\\oj spany exist.




BDu(\dcu’\\j Embedto\irﬂg

<) =
J/m

2o

£, undefined on 9
dofned o B

M undefined on 9

20



Bbuc\dqf\\j Embedhdirﬂs

3 £, undefined on 9

3

M undefined on G

Theorem:  In @_ Pushowt comptnmex\fs of bouf\dav\\j anbeddirﬁs exist
ond o unique™

20



ch\egag of Retodion S\\S&*m

N JCV L
Qog,

s"‘J{ 7 lSM

— CLSH(E')
C.L“S'\' (E) CLJS'l(fE_\ ¢

&m O ki(}\. ; O | OJQ lh "\

24



OQQI adS

— afWS can talke muldkiple afsuﬂ\ef\'\‘g An ">g‘_

AL —
o &—>C

- Nle discs opesod CR]

\
o ()
A,“A-}_'Ab—% X,‘ O, K'\)XL —s Y Aq‘Az‘A‘g,Kl—%\/

- wiring o(jaj fang epetad [4] - substifufe. diogram for speial. vertex



Opefad ot Plane 6fqphg

- Qb\')eds o (otodhions

- MOfPISTMS - ase plane. graphl
NEUTS ave dual bouu\dtqr\\j vesrtices
oukpuk (Y 3 bw‘\&‘“ﬂ veltex

G Qa9 3

— compogition s ai&ef\ b\\j SuRhhdhon

23



Compesthon (S Subshiution

G : (a/\ |- \\"'\—5"\** (a H " —9)\\'5\“'\ —
— cormpaliten te, G (S the puShout of the poﬁ\"n‘or\jrﬁ Span

64—"579;—»H

09 .9
Q — | G
d ¢
51\/ - £
H L




Exampl of Opefed  CernpaSHion

o8B
_—
\
¢
— 5'/
o= 2B

\7§A

o

1

[}

[} —
—9®

9B

|

3C

oC



Co- Opefad

- Qb\'\ech o (otodhons

— MOfPhiS™MS ase plane. graphng
input (s bow\&&u veltex
oukpuks as dual bouu\d\qr\\j verfices

P 9 — '34,.-.\5\

— compalifion is aive;\ b\xj SulRhtuhon

- Co-opefadS o Pateing
the 3; afl The potim Vounabluy




Opefad— (popefod ntefathion

Given o POK‘\\Q”\ P! 9_*5\\'-?50\ and o chph Q- —é:\'“:-é‘m{— 6

A match s a map m: P—G suoh that W— P> G
< a bow\doub e/‘f\btcidx‘rﬁ.

P

\

J3

d

(A match con fail € Hhere IS no suoh m)



Exampla of o Matcn

9B

213



Ca\m\cwhr*f) tHhe matdn
.. afaunts o con\w\ocﬁvﬁ the puihouk complament of Hne

boundany embedo\x“ﬁ 33 P> G (whidh exists')

o

() -y

\




Example

9B
/68 -
\
\4
9C
/‘ /B | Se—

— ~
/! 9B e
— .\\
A /'_—
Vr \/.
‘L C
— N
A L9A | AT
o -
/

‘9C

9C




Summoug

- non- S:Smmeh\‘ c ronodold ca%egoﬁ X ae \\(\\‘Qfegh\*j
- epresented bﬁ plane  graphs

_ enmwcm\c} bo\u\o\culs et to avoid open arqphg
- opefad oF 8&19‘!\3 Wt SubShtution

- o-opefad of PotRINS LN subihituhion

— (Nl CHonN Se)ds neien of pakiin ﬂ\cr‘vdm‘hj



e Qorlk

— Mo tan e held B He opend [copend poit
~ el qenay sufotss | nen-odenteble Suifocss

- o oomPluK b&d\clm‘b SFQ{)G\Sleﬂ.:

\ .
9 ofa ’
.2 \_- Z) ‘ —|?
//;) 9 \o\ @ ? N\
2 °— J v J / .\

- Co-opendd fromesoarte for padions (& wodelt) in ofhd” oortets m}apmamw\mﬂ?

3L



Refefencey

1] Jenathon Gress, Tretal Tuglyes - ’BPQLQO&CO.Q Grpn T‘v\emj 22,
[2]  Stewen Lock Rl Sioncitsi = Adhesive Categores. 200k
(3] Tom Leinttes tigher Opemds, Highet Gtegories. 2004,

D'tj David (. Spivak: The opesod of min‘n\c) cn.:oe)rams [..]].2043.



Appendix A — Qraphs withh Cirdel

Definition 1.18. A graph with circles is a 5-tuple G = (V, E,0O,s,t) where (V,E,s,t) is a
total graph and O is a set of circles. For notational convenience we define the set of arcs as the
disjoint union A = E' + O.

A morphism f : G — G’ between two graphs with circles consists of two (partial) functions
fv:V =V "asabove,and f4: A - A, satisfying the conditions listed below. Note that any

such f4 factors as four maps,

fe:E—>FE"  fpo:E -0
for:0 - E' fo:0 -0
The following conditions must be satisfied:
1. fa: A— A'is total
2. the component fog : O - E’ is the empty function

3. the pair (fy, fr) forms a flag surjection between the underlying graphs in B.



If, additionally, the following three conditions are satisfied, we call the morphism an embed-

ding:
4. fy :V = V'is injective,
5. the component fp is injective,

6. the pair (fy, fr) forms a flag bijection between the underlying graphs in B.
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